Proposition 4. If G has an abelian subgroup A of index l, then the Theorem holds 3 .
In fact, most of the ideas of the present paper have already appeared in the proof of Proposition 4, in embryo. Thus the proof of the Theorem can be viewed as a full generalization of [RW8], i.e., we generalize the Wall congruence (see Proposition 5) , the torsion congruence (see Proposition 6) and the proof of Proposition 4 (see Theorem 7) .
Let µ Q denote the Möbius function of the partially ordered set of subgroups of the finite l-group Q. Recall that µ = µ Q is defined by
Theorem 7. Let A ≥ z be an abelian normal open subgroup of G = G(K/k) and C a central subgroup of exponent l contained in A. If t K C /k is integral, then there exists a ξ ∈ T (Λ ∧ G) with defl
Parts of the proof of Theorem 7, in §4 , are easier versions of arguments appearing already in [RW8] but repeated here for the convenience of the reader. The real strength of the theorem is that it serves as a catalyst for the proof of the Theorem.
The Theorem is proved in §5 by making suitable modifications in T (Λ ∧ G) of the element ξ provided by Theorem 7.
Section 6 contains the necessary extension of the integral logarithm to l-elementary groups. This is based on using projections to the integral logarithm for pro-l groups with unramified coefficients, which is already in [RW3] . It also discusses 'Res' and the l-elementary ingredients of the proof of Proposition 3.
Finally, in a short appendix, we take the opportunity of straightening out an inaccuracy in the proof of [RW2, Proposition 12] . In it we have referred to [RWt] where, however, Leopoldt's conjecture is assumed to hold. In the appendix we now outline an argument which is not based on this conjecture.
1 . "Proofs" of Propositions 1, 2, 3, 4 Proposition 1, for pro-l groups, is reduced via the Main Conjecture, as in [RW3, §1] , to the stronger form of Theorem B in [loc.cit., §6] . The essential ingredient in this form of Theorem B is the integral group logarithm L defined by the commutative square (see [loc.cit., Proposition 11]) (D1)
, with T (R) = R/[R, R] for any ring R, where [R, R] is the additive subgroup generated by all Lie commutators [a, b] = ab − ba , a, b ∈ R, and with the isomorphism 'Tr' induced by the reduced trace of Q ∧ G. For HOM and L see [loc.cit.,p.37] . The logarithm L is called integral because it takes values in T (Λ ∧ G). Note that the Wall congruence, which plays an important role later, makes its first appearance in [loc.cit., Lemma 12] . It is also important to observe, [loc.cit.,p.42] , that 5 L K/k ∈ HOM.
The generalization to arbitrary extensions K/k is carried out in [RW4, Theorems (A) and (B)]. P
Proposition 2 is [RW4, Theorem (C)]. P
We should stress that (D1) is available to define L for arbitrary groups G = G(K/k) and that its integrality property, L(K 1 (Λ ∧ G)) ⊆ T (Λ ∧ G), holds when G is l-elementary. This will be discussed in §6.
As a direct consequence, there is a unique element t K/k ∈ T (Q ∧ G), the logarithmic pseudomeasure of K/k, such that Tr(t K/k ) = L(L K/k ) . By (D1) and i) of Lemma i in §6,
, which is the easy implication in Proposition 3.
Proposition 3 for pro-l groups is proved in [RW5] and [RW7] . The converse direction, [RW5, Proposition 2.4] yields wL K/k ∈ DetK 1 (Λ ∧ G) where w is the unique torsion element in HOM(R l G, (Λ c ∧ Γ k ) × ) deflating to 1 on applying defl G ab G ; this is extended to the l-elementary case in i) of Lemma k. Then [RW5, Theorem, p.1096] reduces the question of whether L K/k ∈ DetK 1 (Λ ∧ G) to the analogous one for Galois extensions K/k with G = G(K/k) having an abelian subgroup of index l : this carries over to the l-elementary case without change. Hence in order to deduce w = 1 we may thus assume that G has an abelian subgroup G ′ of index l, and then apply the extension in Lemma k , ii) of [loc.cit., Proposition 3.2] to l-elementary groups, to obtain the equivalence
in which the displayed congruence is referred to earlier as the torsion congruence. Here, λ F/f is the pseudomeasure for the extension F/f and ver : 
Remark B. It should perhaps be added that Λ • G = Σ −1 ΛG with Σ = ΛΓ \ l · ΛΓ for any central open subgroup Γ ≃ Z l of an arbitrary G = G(K/k). Note that Σ −1 ΛΓ has the unique maximal ideal lΣ −1 ΛΓ. So it suffices to show that every element c ∈ Σ −1 ΛG, which is (left) regular modulo l, is a unit of Σ −1 ΛG. For this consider right multiplication Σ −1 ΛG ·c −→ Σ −1 ΛG by c. Since Σ −1 ΛG/l is a finite dimensional Σ −1 ΛΓ/l-vector space, c mod l has a (left) inverse in Σ −1 ΛG/l, hence c a left inverse b in Σ −1 ΛG by Nakayama's lemma. Since b mod l is now also (left) regular modulo l, the same argument provides a ∈ Σ −1 ΛG with ab = 1. Then a = abc = c, so c is a unit. 
and discussed in detail in [loc.cit., §1 and Appendix] . Its extension to l-elementary groups with U ≥ z is again in §6; see Lemma j. P
. Proof of Proposition 5
Fix a set of coset representatives r q of A in G, whence G =˙ q∈Q r q A , q = r q A and r q 1 r q 2 = r q 1 q 2 a q 1 ,q 2 with a q 1 ,q 2 ∈ A a 2-cocycle, so a q 1 ,q 2 q 3 a q 2 ,q 3 = a q 1 q 2 ,q 3 a
Further, let Σ = Sym(Q) denote the symmetric group on the elements of Q. It carries the natural (right)
Lemma a. Let U be a subgroup of G containing A, set V = U/A and fix a section κ : Q/V → Q , so (κs)V = sV for s ∈ Q/V . Let ǫ = q∈Q r q e q , with e q ∈ Λ ∧ A, be a unit in
(with the term in parenthesis in Λ ∧ U ). The ring homomorphism ver
and we compute ver A U res U G ǫ by applying ver A U to the matrix of the action of ǫ on the right Λ ∧ U -module Λ ∧ G to get
where f varies over all functions Q/V → V , hence
because ver A U (r f (s) ) = v∈V a f (s),v and ver A U a = v∈V a v for a ∈ A. We next simplify the above double product for a fixed f :
Namely, the cocycle relation for the triple (κ(σs), f (s), v) ,
and from the triple
We continue by reparametrising the maps f :
Claim :
1. For every σ ∈ Sym(Q/V ) there is a unique σ κ ∈ Σ V with σ κ κ = κσ. The map σ → σ κ :
Sym(Q/V ) → Σ V is a group homomorphism splitting ∼.
There is a bijection
and conversely. Finally, sgn(σ κ ) = sgn(σ) |V | since {s i : i mod b} a cycle of σ implies {κ(s i )v : i mod b} is a cycle of σ κ for each v ∈ V ; and sgn(τ ) =
. P Note that every q ∈ Q is a unique product q = κ(s)v with s ∈ Q/V , v ∈ V , and every π ∈ Σ V is a unique product π = σ κ τ with σ ∈ Sym(Q/V ) , τ ∈ Σ V 0 . Substituting (2.2) for the double product in (2.1) and using 2.,3. of the Claim ,
we obtain the assertion of Lemma a.
U (e) defines a ring endomorphism of Λ ∧ A satisfying vr V (a) = v∈V a v for all a ∈ A. This condition determines vr V uniquely, as A 'generates' Λ ∧ A additively : indeed, picking a central open Γ ≃ Z l in A and writing A =˙ a aΓ , Λ ∧ A = a a · Λ ∧ Γ , the element e becomes e = a ac a for suitable c a ∈ Λ ∧ Γ and vr V (e) = a vr V (a)Ψ(c a ) with Ψ : Λ ∧ Γ → Λ ∧ Γ the ring homomorphism induced by γ → γ |V | for γ ∈ Γ. In particular, we have
Lemma b. For all Q ′ ≤ Q and all e ∈ Λ ∧ A ,
where s ∈ Q ′ /V now means Q ′ =˙ s sV .
Proof. We first observe that this holds for all a ∈ A because vr V (a s ) = v∈V a sv , so
It therefore suffices to prove additivity of the left side of the claimed congruence, i.e.,
We proceed by induction on |Q ′ |; the case Q ′ = 1 is trivial.
because the set of fixed points F V of V on F is the set of all f :
, and we obtain thatμ
We have thus reduced the claimed congruence to
where F = F(Q ′ ) and 0, 1 denote the obvious constant functions.
It now suffices to analyze, for a fixed f ∈ F , the Q ′ -orbit sums over (V, f ) ∈ F. Set W = stab Q ′ (f ). Note that W = Q ′ occurs only for f ∈ F Q ′ = {0, 1}, and then in the same way on both sides. Thus we may assume W < Q ′ from now on.
and (V 2 , f ) are in the same Q ′ -orbit if, and only if, V 1 and V 2 are conjugate subgroups of W . So our sum of
where means that V runs through a set of representatives of conjugacy classes of subgroups of
with= by f t −1 = f .
We substitute into our sum (2.4) to get
by the induction hypothesis as W = Q ′ . Thus, Lemma b is verified.
We now turn to the proof of Proposition 5.
In terms of the map
withr(π) = sgn(π) q∈Q a π(q)q −1 ,q ∈ Λ ∧ A . Multiplying this by µ Q (V ) and summing over
We consider the action of conjugation of Q on this sum, starting with the
Proof. First, sgn(π q ) = sgn(π) holds since {x i : i mod b} a cycle of π implies {x i q : i mod b} is a cycle of π q . Second,
= to π permuting the q 1 and
Continuing with the proof of Proposition 5, the right hand side of (2.5) is in tr
holds for all π ∈ Σ. Namely, assuming (2.6), its left side can be written as
is the orbit sum of π in (2.5), by the above Claim.
We next observe that (2.6) is a consequence of Lemma b. To see this, let π ∈ Σ V be given, set
where= results from π y = π.
Collecting everything so far, we see that Proposition 5 follows from (2.6), and that this holds because of Lemma b. P
. Deriving Proposition 6 from [RW9]
For Proposition 6 we identify the field L in [RW9] with the fixed field
Let λ be a pseudomeasure on H S ′ in the language of [Se] , i.e., an element of the total ring of fractions of the commutative ring
Lemma c. There is a unique pseudomeasure λ A on A so that (1 − a)λ A is the image, under Then η h (λ) ∈ Λ • A is independent of the choice of h as above, for if h ′ is another then, with a the image of h under
Finally, λ A is a pseudomeaure on A for, if a ∈ A then, choosing a preimage h ∈ H S ′ for a, we
and this congruence in turn is a consequence of |Q| being a power of l = 2 and so it now suffices to show that
(in the notation of the proof of Lemma c) hence
implies that every term of the second sum is in M
H S ′ h . In order to derive Proposition 6 from this we set U = G(K/f ) and show that
Here, the second equality follows from the commutative diagram
allowing transfers to be computed by using corresponding coset representatives, giving
Factoring the transfers through the abelianisations
and cancelling the (surjective) maps on the right gives (3.3).
Combining (3.2) with the commutative square
which follows from (3.3), we get the statement of the proposition, by applying Lemma c and
. Proof of Theorem 7
We fix some notation. A is an abelian normal open subgroup of
containing z with factor group Q = G/A, and Γ , C are central subgroups of G contained in A, with Γ ≃ Z l open and C of exponent l. Further, U ≤ G is open and contains C and z .
Recall that Res U G satisfies diagram (D2) and is discussed in §6 and [RW8, Proposition A]. In particular, we know that 'Res' is additive, transitive and that it preserves integrality. Also, if g ∈ G, then conjugation by g canonically induces maps
where Ψ :
2. For g ∈ G , c ∈ C and α ∈ Λ ∧ Γ ,
Proof. For α ∈ Γ the claimed formula 1. is already given at the bottom of [loc.cit.,p.127]; additivity and continuity then implies it in general.
For 2., we first remark that x∈G/Uτ (g x (c − 1)) is independent of a special choice of coset representatives x of U in G and on replacing g by g s for s ∈ G. We proceed by induction on
9 τU : Λ∧U → T (Λ∧U ) is the natural map.
In the first case, the induction hypothesis turns this into
as required. In the second case, when g / ∈ G ′ , we must show that the right hand side of the assertion is zero, which however is clear since g x ∈ U implies g x ∈ G ′ , hence g ∈ G ′ . This finishes the proof of 2.
For 3., choose a sequence of subgroups
, and then combine transitivity of 'Res' with induction on n to arrive at
in which the equality ! = still needs to be verified. However, here we are in the index l case, so V g ¡ V g 1 , and we can apply 1. Lemma d is established.
P Lemma e. Denote the map G → G/C by and define a , b by
Proof. Applying Tate-cohomology to the sequence defining b, we see that the claimed injectivity i. is a consequence of H −1 (Q, Λ ∧ A) = 0. In order to see this vanishing, choose a central open Γ ≃ Z l of G contained in A and pick Q-orbit representatives a i Γ of A/Γ. Set
∈ Γ has finite order, hence a q i i = a i , i.e., Q i = stab Q (a i ). Hence we have a set of representatives of Γ in A consisting of Q-orbits Q i \Q for some Q i ≤ Q and consequently, [RW3, Lemma 5] ,
For the first claim in ii. we only need to check exactness at the middle, or, more precisely, that defl
Regarding the second claim of ii., the elements of a are Λ ∧ Γ-linear combinations of τ G (g(c−1)). This finishes the proof of the lemma. P Lemma f. Notation as in Lemma e, we have
By 2. of Lemma d Res
Proof. Let β = a∈A,c∈C β a,c a(c − 1) be an element in b, where
by the argument given in [RW3,pp.39/40], which also works in the situation when the unit u to which L is applied (see [loc.cit.,p.39,( * )]) is in Λ ∧ A rather than in ΛΓ (the ring O there is Z l here, so the Frobenius automorphism Fr is trivial). The point is that in [loc.cit.,p.40,( * * )] we are on the A-level and so we still need only consider degree 1 characters.
and we are left to check that (tr
We are now in a position to prove Theorem 7.
If U is an open subgroup of G containing z and N a finite normal subgroup of U , we write t U/N for t K N /K U ; similarly, we write 
As above, denote going modulo C by , so G = G/C. Also recall the short exact sequences
For the definitions to follow we use the commutative square
in which the (natural) vertical maps are surjective, since Λ ∧ G , Λ ∧ G are semi-local rings. Moreover, the top horizontal map is surjective as well, because ker(
and SK 1 (Λ ∧ A) = 1, as Λ ∧ A is commutative semilocal [CR, (45.12) ].
The above square gives a ϑ ∈ K 1 (Λ ∧ G) with defl
The exact sequences displayed above give rise to the commutative diagram
with top sequence exact by Lemma e. We need to modify ξ by adding an element α ∈ τ G (a) (so without changing defl
.e., we need to prove that Lemma 3.1] , and res A G takes Q-invariant values, whence ϑ ′ ∈ 1 + b Q . We claim that
with the last equality by SK 1 (Λ ∧ U/[U, U ]C) = 1, as before.
where α is a Λ ∧ Γ-linear combination of elementsũ(c − 1) with u ∈ U , c ∈ C and˜: U → U ab the canonical map (with Γ ≃ Z l some central open subgroup of G contained in A). Then, if A < U , ver A U ab takes c to c [U :A] = 1 and thusũ(c − 1) to zero. As a first result we therefore have
Now insert ϑ into the "Möbius-Wall" congruence of Proposition 5 and obtain
Comparing this 10 with the abelian pseudomeasure congruence
10 It is only here that Propositions 5 and 6 make their appearance.
of Proposition 6 gives ϑ ′ ≡ 1 mod tr Q (Λ ∧ A) , as λ A is a unit in (Λ ∧ A) Q and tr Q (Λ ∧ A) an ideal. Therefore
with the last equality due to Lemma e. This proves our claim (4.1).
Turning back to the proof of the theorem, we know that ξ ′ = L(ϑ ′ ) is in b Q . By the claim and Lemma f, we also have
Thus the proof of Theorem 7 is complete. P
. Proof of the Theorem
Recall the notation of the beginning of §4, so
z a finite cyclic group of order prime to l and G[l] a pro-l group, and A is an abelian normal open subgroup of G containing z .
We define c ab U by the exact sequence 0
where Y 1 is the set of y ∈ Y that have preimageỹ in U/[U, U ] which is fixed by stab N/U (y) , andc is the image of c ∈ C in U/[U, U ].
For the proof, we use C ∩ [U, U ] = 1 = Γ ∩ [U, U ] to identify C, Γ with their images in U ab (hence c withc). We investigate the N/U -structure of 0 → c ab Lemma 5] . Now Y is a set of representatives of N/U -orbits on U ab /ΓC. Ifŷ is a preimage of y ∈ Y under U ab /Γ → U ab /ΓC then stab N/U (y) either fixesŷ (in case 1) or movesŷ (in case 2); moreover this case distinction is independent of the choice ofŷ. This permits us to analyze the map Λ ∧ U ab → Λ ∧ (U ab /C) one y ∈ Y at a time in terms of the map of N/U -sets from the preimage of the N/U -orbit of y to the N/U -orbit of y it induces. This is because of the permutation Λ ∧ Γ-basis given by choosing preimagesỹ ofŷ under U ab → U ab /Γ with stab N/U (ỹ) = stab N/U (ŷ), as in the proof of Lemma e.
Thus, in case 1, the preimage of the N/U -orbit of y is˙ c∈C (N/U -orbit ofŷc) , so l copies of N/U stab N/U (y) as N/U -sets, and the map isŷ n c → y n for n ∈ N, c ∈ C. So the kernel on
Similarly, in case 2, the preimage of the N/U -orbit of y is the N/U -orbit ofŷ : hereŷ z =ŷγ y (z), with γ y a homomorphism stab N/U (y) ։ C, has stab N/U (ŷ) as its kernel. Now the kernel on
Hence c ab U has Λ ∧ Γ-basis the union of these over y ∈ Y , and tr N/U (c ab U ) has the claimed Λ ∧ Γ-basis since Y 1 consists of the y ∈ Y in case 1 and tr N/U (ỹ n −ỹ) = 0 for all y ∈ Y in case 2. This proves the lemma. P
The proof is by induction on [G : A]. Fix a central open Γ ≃ Z l in A and an n so that l n ≡ 1 mod |z| and l n is an exponent of G[l]/Γ. By the diagram of ii) of Lemma i and defl
We next state the
This is because l n t G is integral for large enough natural n (see [RW4, Proposition 9] ). Setting A. Now Theorem 7 guarantees the existence of
where, as before, denotes going modulo C. To defeat the counterexample G it suffices, by the Uniqueness Principle, to find such a ξ so that defl
On the other hand, for
, by our hypothesis on G, permitting us to define
and to define the support of ξ by
To investigate U ∈ supp(ξ), we state Claim 1 :
Proof. Recall that t U = Res 
, contrary to the minimality hypothesis on G.
with all surjective maps deflations and exact bottom row by ii. of Lemma e applied to
Combining with the previous paragraph yields the claim. P Now continuing with the proof, it follows that the Theorem holds if we can modify ξ, subject to (5.1) holding, so that supp(ξ) is empty. Since this is not possible for our G, by hypothesis, there must exist an ξ for which supp(ξ) has minimal cardinality = 0.
Since supp(ξ) is non-empty it contains a U with minimal [U : A]. By Lemma g we may write
with unique α(y, c) in Λ ∧ Γ. As A / ∈ supp(ξ) every V with A ≤ V < U has C ∩ [V, V ] = 1 and ξ V = 0; equivalently, we may restrict attention to maximal such V , hence may assume that V has index l in U (so, in particular, In particular, if U/A is non-cyclic, then every element of U/A is contained in a maximal V /A for some V , hence defl U ab U ξ U = 0. But then the Uniqueness Principle, applied to to A ¡ U instead of A ¡ G, implies that ξ U = 0. Thus U / ∈ supp(ξ), contrary to assumption.
It follows that our U with minimal ] , and
because U/A now has a unique maximal subgroup V /A and so y ∈ Y 1 is not in V /ΓC[U, U ] precisely when yA generates U/A. Now our Theorem essentially follows from the next result.
Claim 3 : Assume that U/A is cyclic. Set, in the notation of (5.3),
with preimages y ′ ∈ U ofỹ under defl
Proof. Recall that the y in the ξ ′′ -sum have yA = U/A. Applying 2. of Lemma d gives
Note that (y ′ ) x ∈ U implies (yA) x ∈ U/A, hence (U/A) x = U/A, i.e., x ∈ N . Now we have
hence applying defl
For ii. note that y still has yA = U/A, but we now apply 2. of Lemma d with U replaced by
) in this sum must be = 0, by hypothesis; but this term is
) , so we must have a non-zero term here, i.e., (y ′ ) x 1 ∈ U 1 for some
We apply Claim 3 and set ξ ′ def = ξ − ξ ′′ . Then Res A G ξ ′ = t A , by ii. with U 1 = A ; moreover, due to the appearance of the elements 1 = c ∈ C in ξ ′′ , defl
, which contradicts the minimal cardinality of supp(ξ) and therefore finishes the proof of the Theorem. P
. l-elementary groups
ii) Let a be the kernel of defl
has exact rows and surjective left vertical map.
, hence surjective ring homomorphisms
Applying the functors K 1 and T gives the southeast and southwest arrows of the diagram
with large square from diagram (D1) of §2, and small square [RW3, 2. of Proposition 11] with unramified coefficients Z l [β], which are abbreviated by the superscript β. The northwest and northeast arrows f → f β are defined by f β (̟) = f (β ⊗ ̟) .
To see that the left quadrangle commutes 12 let H ′ = H ∩ U (recalling that H is the kernel of 
The same argument, with T, Tr rather than K 1 , Det, yields the commutativity of the right quadrangle, and the commutativity of the bottom quadrangle follows from the formula for L by ψ l (β) = β Fr . The diagram now implies that the top quadrangle commutes.
Recall that, [RW3, Proposition 11], the logarithm L β :
Letting β run through a set of representatives of the
. This induces isomorphisms
The first of these provides an x ′ ∈ T (Λ ∧ G) with the same images as x for all β, and the second gives x = x ′ ∈ T (Λ ∧ G) .
We now prove ii). The exact sequence defining a gives the top row since a ⊆ rad(Λ ∧ G) , as [G, G] is an l-group. The bottom row is exact by ii) of Lemma e. To see the vertical surjectivity, write u for the kernel of defl RW3, 2b. of Proposition 11] . Identifying Λ ∧ G and β Λ β ∧ U as in the last paragraph of the proof of i) (also for the abelianizations), and assembling our asserted diagram in terms of the β-decomposition, noting that the commutativity of the square at right follows from that of the top quadrangle in i), we deduce that 1 + a → τ G (a) is also surjective.
Recall that, for a pro-l group G = G(K/k) and an open subgroup G ′ ≤ G,
is defined in [RW8, §1] . We partially extend this definition to l-elementary G.
13 compare also [RW2, Proposition 6; RW3, Lemma 2] where χ ′ ∈ R l G ′ , ψ l denotes the l th Adams operation, χ
Res is additive, integral and transitive. Moreover, the diagram below, and so diagram (D2), commutes. More precisely, in the notation of the proof of ii) of Lemma i, let x ∈ 1 + a have Detx torsion. By the commutativity of the left quadrangle in the proof of i) of Lemma i, β(x) ∈ 1 + u β has Detβ(x) torsion, hence we have Detβ(x) = 1, and so it suffices to observe that
is injective. To verify ii), we follow the proof [RW5, equivalence of (1) and (2) Hence it remains to show scd l (H) = 2. Now, scd l (H) ≤ 2 is a consequence of the weak Leopoldt conjecture (see [loc.cit., 10.3.26, p.549] ) and then scd l (H) = 2 results from the remark following it, of which we add a proof : Assume scd l (H) ≤ 1. Then cd l (H) ≤ 1 and cd l (Γ k ) = 1 , hence
